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Abstract

Rogue waves in deep water are investigated in the framework of the nonlinear Schrödinger (NLS) and the modified Dysthe (MD)
equations. We observe that a chaotic regime increases the likelihood of rogue wave formation and that enhanced focusing occurs
due to chaotic evolution of the phases. A Melnikov analysis indicates persistence of a homoclinic solution in the MD system which
is O(ε)-close to an optimally phase modulated solution of the NLS. The correlation of the Melnikov analysis and the numerical
experiments indicates that one approach to predicting rogue waves in realistic oceanic states is to determine the proximity of a
sea state to homoclinic data of the NLS. Using the inverse spectral theory of the NLS equation, we show that the development
of extreme waves in random oceanic sea states characterized by JONSWAP power spectra is well predicted by the proximity to
homoclinic data of the NLS.
© 2006 Elsevier SAS. All rights reserved.
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1. Introduction

Rogue waves are anomalous large amplitude waves which can be very destructive due to the high concentration
of wave energy. The formal definition of a rogue wave is a high amplitude wave whose height exceeds 2.2 times the
significant wave height Hs of the background sea. In recent years there has been significant interest in understanding
the physical processes responsible for the generation of rogue waves and the conditions for which they are most likely
to occur. Rogue waves have been observed in both shallow and deep water, with or without the presence of strong
currents. Several mechanisms are known that produce large amplitude waves from relatively small ones by focusing
the energy. Depending on the specific physical conditions they are: (i) focusing by current refraction [1], (ii) focusing
in time and space [2] and (iii) nonlinear focusing [3,4]. A broad overview of these mechanisms is provided in the
article [2] and in the monograph [5].

In this paper we investigate the development of rogue waves in deep water due to the Benjamin–Feir (BF) in-
stability and nonlinear focusing. The BF instability is a modulational instability in which a uniform train of surface
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gravity waves is unstable to a weak amplitude modulation. In [3], Henderson et al. examined extreme wave events
by simulating the evolution of a periodically perturbed uniform wave train. Due to the BF instability the wave train
breaks into periodic groups. Further focusing occurs within each group producing a very large wave with a crest height
approximately three times the initial amplitude of the wave train. Since the BF instability is described to leading order
by the nonlinear Schrödinger (NLS) equation, they noted that the features of the simulated large waves are consistent
with a breather solution of the NLS equation [3].

The NLS equation is the leading order equation in a hierarchy of envelope equations and is derived from the
full water wave equations by making a small amplitude, slowly modulated wave approximation with an additional
assumption of an O(ε) narrow banded spectrum [6,7]. Although restrictive, these assumptions are not physically
unrealistic. On January 1st 1995 a rogue wave, referred to as the “New Year wave”, was measured under the Draupner
platform in the North Sea. The maximum wave height of 25.6 m was more than twice the significant wave height of
about 10.8 m. The salient point is that an analysis of the ocean state around the New Year wave shows that the envelope
of the wave train as a whole is slowly modulated, weakly nonlinear and has a relatively small bandwidth [4]. This
supports using the NLS equation and it’s higher order extensions as simple mathematical models for the description
of rogue waves.

The O(ε) bandwidth constraint limits the applicability of the NLS equation in 2D as it results in energy leakage
to high wave number modes. A more accurate description of water wave dynamics is provided by, for example, the
fourth-order modified Dysthe (MD) equation, derived by assuming the bandwidth is O(

√
ε ) and by retaining higher

order terms in the asymptotic expansion for the surface wave displacement [8]. The MD equation is able to capture
higher order physical effects such as asymmetric evolution of wave packets and side bands and also controls the size of
the instability region by limiting the energy leakage to higher modes that is obtained with the 2D NLS equation [8,9].

Based on the insightful observation by Henderson et al. (and separately by Osborne et al. [10]), that simple ana-
lytical solutions of the NLS equation such as the breather exhibit many of the properties of rogue waves, we asked
the following questions: (i) Are there other solutions of the NLS equation that provide more striking candidates for
rogue waves? (ii) The evolution of deep water gravity waves is described only to leading order by the NLS equation.
When using more accurate theoretical models, e.g. the MD equation, what are the effects of the higher order terms on
the wave dynamics and on the likelihood of rogue wave formation? (iii) Is it possible to develop a diagnostic, such
as the “proximity” to homoclinic data for the NLS equation, which will indicate the occurrence of rogue waves for
more realistic oceanic sea states, e.g. in random oceanic sea states characterized by the Joint North Sea Wave Project
(JONSWAP) power spectra?

We adopt an approach based on the NLS equation, as well as it’s higher order generalizations, to study rogue wave
dynamics in deep water. In Section 2 elements of the inverse spectral theory of the NLS equation are presented. The
Floquet spectral theory is used for constructing analytical solutions of the NLS, for determining the characteristics of
the evolution of the wave train, and for interpreting a nonlinear mode decomposition of data.

A linearized analysis of the NLS equation shows that low frequency modes may become unstable and that the
number of unstable modes increases with the amplitude of the carrier wave. The complete integrability of the NLS
equation allows one to use Bäcklund transformations to compute homoclinic solutions and thus study the nonlinear
evolution of the instability [11]. In Section 3 we consider homoclinic orbits of the Stokes wave (or plane wave) for
the NLS equation and discuss their interpretation as rogue waves. We consider the more general case when two or
more unstable modes are present (see Eq. (8)) and examine the effect of phase modulating the initial wave train
on the formation of rogue waves. Since these solutions have a more complex space–time structure, we find they
can be “optimally” phase modulated so that the modes are excited simultaneously (also referred to as “nonlinear
chirping”), leading to a significant amplification beyond what is predicted by the usual BF modulation instability [12]
(see Fig. 3(b)). Phase-modulated wave trains and focusing of nonlinear wave groups in deep water was also examined
by Kharif et al. [13].

Phase modulation or the preselection of phases corresponds to a very special situation and it is reasonable to
investigate how such a spontaneous alignment of the phases might occur. In Section 4 we examine the effect of
homoclinic chaos on the formation of rogue waves. “Noisy” rogue waves, i.e. rogue waves with a chaotic background,
are observed in numerical simulations of both the full modified Dysthe (MD) equation and under the restriction to
spatially symmetric wave trains. In a chaotic regime of homoclinic type, the solution can evolve close to an optimal
phase modulated homoclinic solution for a rather general class of initial conditions, even when the initial data has not
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been preselected or phase modulated. We find that chaotic evolution of the phases allows for enhanced focusing to
occur [12].

In Section 5 we support the numerical study of the MD equation with a Melnikov analysis which indicates persis-
tence of a homoclinic solution in the MD system in the even regime. Significantly, the Melnikov analysis predicts the
same distinguishing spatial features of the perturbed dynamics as those observed in the numerical experiments [12].
The homoclinic orbit (or rogue wave) selected by the Melnikov analysis is O(ε)-close to the optimal phase modulated
NLS homoclinic solution (Fig. 3(b)) and is observed in the numerical simulations (Fig. 5(a)). This persistence result
substantiates the notion that homoclinic solutions of the NLS equation are significant in modeling rogue waves and
led us to conjecture that one approach to predicting rogue waves in realistic oceanic states would be to determine the
proximity of a sea state to homoclinic data of the NLS equation.

Developing sea states are described by the JONSWAP power spectrum (e.g., [14]). In Section 6 we investigate the
formation of rogue waves in random oceanic sea states characterized by the JONSWAP power spectra [15]. We clarify
the dependence of rogue wave events on the phases in the “random phase” reconstruction of the surface elevation (see
Eq. (22)). We find that the phase information is as important as the amplitude and peakedness of the wave when
determining the occurrence of rogue waves. Random oceanic sea states characterized by JONSWAP data are not
small perturbations of Stokes wave solutions. As a consequence, it is difficult to investigate the generation of rogue
waves in more realistic sea states using a linear stability analysis (as in the Benjamin–Feir instability).

Our approach uses the inverse spectral theory of the NLS equation to examine a nonlinear mode decomposition of
JONSWAP type initial data. We introduce a spectral quantity, the “splitting distance” δ between simple points in the
discrete Floquet spectrum of the associated AKNS problem, and use it to determine the proximity in spectral space to
instabilities of solutions of the NLS equation and homoclinic orbits. Our main results in this section are: (1) JONSWAP
data can be quite near data for homoclinic orbits of complicated N -phase solutions. For fixed values of α and γ in
the JONSWAP spectrum, as the phases in the initial data are randomly varied, the proximity δ to homoclinic data
varies. (2) The results of several hundred simulations, where the parameters and phases in the JONSWAP initial data
are varied, indicate that rogue waves develop whenever the splitting distance is small, and do not when the splitting
distance is large [15]. These results are shown to be applicable to the MD equation as well. Concluding remarks are
provided in Section 7.

2. Integrable structure of the NLS equation

One of the simplest nonlinear models for describing the propagation of unidirectional surface waves on deep water
is the nonlinear Schrödinger (NLS) equation,

Nu ≡ iut + uxx + 2|u|2u = 0, (1)

which can be written in Hamiltonian form

i∂t

(
u

u∗
)

= J

(
δH/δu

δH/δu∗
)

, with J =
(

0 1
−1 0

)
(2)

and Hamiltonian

H(u,u∗) =
L∫

0

(|ux |2 − |u|4)dx. (3)

The complete integrability of the NLS equation is established using the associated linear systems (the so-called Lax
pair)

L(x)φ =
(

D + iλ −u

u∗ D − iλ

)(
φ1
φ2

)
= 0, L(t)φ = 0, (4)

where D denotes the derivative with respect to x, λ is the spectral parameter and φ is the eigenfunction [6]. These
systems have a common nontrivial solution φ(x, t;λ), provided the potential u(x, t) satisfies the NLS equation. L(t) is
not specified explicitly as it is not used in our subsequent analysis.

For periodic boundary conditions, u(x + L, t) = u(x, t), one can characterize u (for any fixed time t) in terms of
its Floquet spectrum σ(u) = {λ ∈ C | L(x)φ = 0, |φ| bounded ∀x}. The Floquet spectrum can be expressed in terms
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Fig. 1. Spectrum of an unstable N -phase solution (left) and a plane wave solution (right).

of the transfer matrix M(x + L;u,λ) across a period, where M(x;u,λ) is a fundamental solution matrix of the Lax
pair (4). Introducing the Floquet discriminant Δ(u,λ) = Trace[M(x + L;u,λ)], one obtains [7]

σ(u) = {
λ ∈ C | Δ(u,λ) ∈ R, −2 � Δ(u,λ) � 2

}
. (5)

The distinguished points of the periodic/antiperiodic spectrum, where Δ(λ,u) = ±2, are: (a) simple points
{λs

j | dΔ/dλ �= 0} and (b) double points {λd
j | dΔ/dλ = 0, d2Δ/dλ2 �= 0}. The Floquet discriminant functional Δ(u,λ)

is invariant under the NLS flow and encodes the infinite family of constants of motion of the NLS (parametrized by
the λs

j ).
The Floquet spectrum (5) of a generic NLS potential consists of the entire real axis plus additional curves (called

bands) of continuous spectrum which terminate at the simple points λs
j . N -phase solutions are those with a finite

number of bands of continuous spectrum. Double points arise when two simple points have coalesced and their
location is important.

The nonlinear mode content of a solution of the NLS equation can be determined using the direct spectral trans-
form. The spatial structure and dynamical stability of these modes is determined by the order and location of the
corresponding λj as follows: (a) Simple points correspond to stable active degrees of freedom. (b) Double points
label all additional potentially active degrees of freedom. Real double points correspond to stable inactive (zero am-
plitude) modes. Complex double points are associated with all the unstable active modes and label the corresponding
homoclinic orbits [16,17].

Fig. 1 shows the spectrum of a typical unstable N -phase solution. The simple periodic eigenvalues and the double
points are denoted by circles and crosses, respectively. In this case there are N bands of spectrum determined by the
2N simple points λs

j and 2M embedded complex double points λd
j . The spectrum for a nearby semi-stable N -phase

solution, where the complex double points are split O(ε), is given in Fig. 8(a) (which shows only the spectrum in the
upper half plane).

As an example, the Floquet discriminant of a plane wave solution u(x, t) = a e2ia2t is readily computed to be
Δ(a,λ) = 2 cos(

√
a2 + λ2L). Then, the associated Floquet spectrum consists of the continuous bands R ∪ [−ia, ia],

and a discrete part containing the simple periodic/antiperiodic eigenvalues ±ia, and the infinite sequence of double
points (see Fig. 1)

λ2
j = (jπ/L)2 − a2, j ∈ Z. (6)

Of these, if [aL/π] = M (where [p] = largest integer � p, p > 0), 2M are complex (pure imaginary) double points,
while the remaining λn’s for |n| > M are real.

The N -phase quasiperiodic solutions of the NLS equation have the form [18–20],

u(x, t) = u0 ei(k0x−ω0t)
Θ(W−|τ)

Θ(W+|τ)
, (7)

where Θ is the Riemann theta function, W± = (W±
1 , . . . ,W±

N ), and the phases evolve according to W±
j = (κj x +

Ωj t + θ±). The external phase as well as the wavenumbers κj and frequencies Ωj are expressible in terms of
j
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algebraic-geometric data including the branch points of the associated Riemann surface (namely, the simple points
λs

j of the Floquet spectrum), Abelian integrals of certain meromorphic differentials and the Abel map. The invari-
ance of the spectrum implies κj and Ωj are constants. For a generic N -phase solution, the isospectral set comprises
an N -dimensional torus characterized by the phases W±

j . If the spectrum contains complex double points, then the
N -phase solution may be unstable. The instabilities correspond to orbits homoclinic to the N -phase torus.

3. Homoclinic solutions of the NLS equation as rogue waves

An important physical prediction of the NLS equation is the modulational or Benjamin–Feir instability for periodic
potentials. Modulationally unstable periodic solutions have homoclinic orbits which can be used to model rogue
waves. An example of this is provided by the plane wave solution, u0(x, t) = a e2i|a|2t , which has M linearly unstable
modes (UMs) with growth rates σ 2

n = μ2
n(μ

2
n − 4a2), μn = 2πn/L, provided

0 < (πn/L)2 < |a|2 (8)

is satisfied (the number M of UMs is the largest integer satisfying 0 < M < |a|L/π ). That is, the plane wave is
unstable with respect to long wavelength perturbations. The condition for the solution to be linearly unstable is the
same as the condition for complex double points in the spectrum. For each UM there is a corresponding homoclinic
orbit; moreover, “combination” homoclinic orbits associated with two or more UMs can be constructed.

Linearizing to study stability provides information about the instability only for short times, for as long as the
linearization is approximately correct. Global representations of the homoclinic orbits can be obtained by exponen-
tiating the linear instabilities via Bäcklund transformations [21,22]. A single homoclinic orbit of the plane wave is
given by

u(x, t) = a e−2ia2t

(
1 + 2 cos(px) eσ1t+2iφ+γ + A12 e2σ1t+4iφ+2γ

1 + 2 cos(px) eσ1t+γ + A12 e2σ1t+2γ

)
(9)

where A12 = 1/ cos2 φ, σ1 = ±p
√

4a2 − p2, φ = sin−1(p/2a), and p = μn = 2πn/L, satisfies (8) for some inte-
ger n. Each UM has an associated homoclinic orbit characterized by the mode p = μn.

Fig. 2 shows the space–time plot of the amplitude |u(x, t)| of a homoclinic orbit (a = 0.5, L = 2
√

2 and p = 2π/L)
with one UM. This homoclinic solution represents the simplest prototype of rogue wave. As t → ±∞, solution (9)
limits asymptotically to the plane wave; i.e. the plane wave behavior dominates the motion for most of its lifetime. As
t → t0 (t0 ≈ 16), nonlinear focusing occurs due to the BF instability and the solution rises to a maximum height 2.4a.

Fig. 2. Rogue wave solution of the NLS equation corresponding to one unstable mode.
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An almost equally dramatic wave trough occurs close to the crest of the rogue wave as a result of wave compression
due to wave dislocation. The amplitude amplification factor is given by

f = |umax|
limt→±∞ |u(x, t)| ≈ 2.4. (10)

In general, f depends upon the wavenumber of the modulation. As the wave number decreases, the amplification
factor increases reaching the following limit

fmax = lim
κ→0

f (κ) = 3, (11)

although the waves take longer to reach their maximum height since their growth rate is smaller [23].
In this paper, accompanying the surface plots are: (i) the corresponding skewness (dashed line) and kurtosis (solid

line) as functions of time as well as (ii) the maximum of the amplitude (UMAX) and the mean of the wavefield as
functions of time. The skewness and kurtosis are the third and fourth statistical moments of the wavefield respectively
(see Appendix A for an interpretation in terms of rogue wave events). At t ≈ 10 the kurtosis starts to increase indicating
the onset of the BF instability and at t ≈ 16 it reaches it’s maximum. However the kurtosis barely exceeds three and
as a result this is not as interesting a case from the perspective of rogue waves as the following examples.

3.1. Phase modulated rogue waves

As the number of UMs increases, the space–time structure of the homoclinic solutions becomes more complex.
We find that when two or more UMs are present the initial wave train can be phase modulated to produce additional
focusing. The family of homoclinic orbits (i.e. rogue waves) associated with two UMs is given by [24,12]

u(x, t) = a e2ia2t g(x, t)

f (x, t)
, (12)

where

f (x, t) = 1 + 2 cos(p1x) eσ1t + A12 e2σ1t + 2 cos(p3x) eσ3t+γ + A34 e2(σ3t+γ )

+ 2
[
A13 cos(p1 + p3)x + A23 cos(p3 − p1)x

]
e(σ1+σ3)t+γ + 2A12A13A23 cos(p3x) e(2σ1+σ3)t+γ

+ A12A
2
13A

2
23A34 e2(σ1+σ3)t+2γ + 2A13A23A34 cos(p1x) e(σ1+2σ3)t+2γ ,

g(x, t) = 1 + 2 e2iφ1 cos(p1x) eσ1t + A12 e4iφ1 e2σ1t + 2 e2iφ3 cos(p3x) eσ3t+γ

+ A34 e4iφ3 e2(σ3t+γ ) + A12A
2
13A

2
23A34 e4i(φ1+φ3) e2(σ1+σ3)t+2γ

+ 2A13A23A34 e2i(φ1+2φ3) cos(p1x) e(σ1+2σ3)t+2γ + 2A12A13A23 e2i(2φ1+φ3) cos(p3x) e(2σ1+σ3)t+γ

+ 2 e2i(φ1+φ3)
[
A13 cos(p1 + p3)x + A23 cos(p3 − p1)x

]
e(σ1+σ3)t+γ ),

Ajk =
(

sin 1
2 (φj − φk)

sin 1
2 (φj + φk)

)2

, σj = ±μj

√
4a2 − μ2

j .

As in the last example, provided p1 = μn and p3 = μm satisfy (8), the solution decays to the plane wave solu-
tion, as t → ±∞, and the rogue wave lies hidden beneath the background plane wave for most of its lifetime. This
rogue wave is characterized by the two modes cos(p1x) and cos(p3x), whose temporal separation is determined by
the parameter γ . Figs. 3(a)–(b) illustrate the combination homoclinic orbit (12) obtained when a = 0.5, L = 4

√
2,

p3 = 2p1 = 2π/L and φj = sin−1(μj/2a), for γ = 0.1 and γ = 0.2, respectively. In Fig. 3(a) the modes are well
separated and the maximum value of the amplitude is roughly three times the plane wave amplitude (its maximum
is 1.4). In this example the kurtosis is well above three.

Both the temporal separation of the two modes and the maximum amplitude that can be achieved depend upon the
parameter γ . A homoclinic orbit of maximum amplitude is obtained when the two UMs are excited simultaneously.
This is an example of “optimal” phase modulation or “nonlinear chirping”, where the phases in the initial data have
been selected so that the solution chirps up to a maximum height. In Fig. 3(b) the rogue wave rises to a height of
approximately 4.1 times the height of the background carrier wave (the maximum height is 2.1). The kurtosis is also
significantly larger, m4 ≈ 14. We note that Fig. 3(a) shows focusing due to only a weak amplitude modulation of the
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Fig. 3. Rogue wave solutions of the NLS corresponding to two unstable modes without phase modulation (top) and with phase modulation (bottom).

initial wave train. The growth in UMAX starting at t ≈ −5 and at t ≈ 10 is due to the BF instability. However, in
Fig. 3(b) focusing due to both an amplitude and a phase modulation occurs. The growth in UMAX visible at t ≈ −5
is due to the BF instability while the additional very rapid focusing at t ≈ 3.4 is due to the phase modulation.

In general it is possible to choose the phases in the homoclinic orbits (general formulas can be found in Ref. [12])
so that any number of UMs phase lock. Figs. 4(a) and 4(b) illustrate two members of the family of homoclinic
orbits corresponding to three UMs; in Fig. 4(a) the modes are separated and in Fig. 4(b) the modes have coalesced.
The rogue wave attains a height of approximately three and six times the height of the background carrier wave,
respectively. As before, the striking difference in wave amplification is due to the additional phase modulation. Further
generalization can be achieved using a linearly unstable quasi-periodic (in time) theta function solution of the NLS
equation as a carrier wave. Homoclinic orbits for such solutions can also be constructed explicitly, providing an
analytical characterization of rogue waves generated from a quasiperiodic background state rather than a plane wave
state.

4. Rogue wave solutions of the modified Dysthe equation

In this section we consider a broader bandwidth modified NLS equation introduced by Trulsen and Dysthe [8].
The equation arises as a higher order asymptotic approximation of slowly modulated periodic wave trains in deep
water under the assumption that the wave slope ka is O(ε) (a is the size of the initial surface displacement), while the
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Fig. 4. Rogue waves solutions of the NLS corresponding to three unstable modes without phase modulation (top) and with phase modulation
(bottom).

bandwidth |�k|/k and (kh)−1 (h is the water depth) are O(ε1/2). In this case one obtains the modified Dysthe (MD)
equation

Nu + iε1/2
(

1

2
uxxx − 6|u|2ux + u2u∗

x − 2ui
[
H

(|u|2)]
x

)
+ ε

5

16
u4x + iε3/2 7

32
u5x = 0, (13)

where Nu is the NLS operator defined in (1) and H(f ) represents the Hilbert transform of the function f [8]. Our
interest lies in determining how the higher order terms effect the wave dynamics and the likelihood of rogue wave
formation.

In earlier work we experimentally and theoretically studied the long-time evolution of modulated periodic Stokes
waves in deep water. Both laboratory and numerical experiments with a higher order NLS (HONLS) equation, derived
under the traditional narrow bandwidth assumption, consistently showed that when N � 2 unstable modes are present,
the evolution is temporally chaotic and not reproducible [25,26]. We found that the higher order terms are responsible
for driving waves (“left-or-right” moving waves) to evolve chaotically across a fixed state.

The HONLS equation may be viewed as a “near-integrable” equation and, as a result, the dynamics in the chaotic
regime can be understood by appealing to the spectral theory of the NLS equation. The spectrum, while invariant
for the NLS equation, evolves due to the higher order terms in the HONLS equation. Homoclinic transitions in the
spectrum occur when the spectrum evolves between two topologically different configurations. An analysis of the
spectral decomposition of the laboratory data and of the HONLS data yielded numerous homoclinic transitions in the
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Fig. 5. Rogue waves solutions for the even MD equation when two (top) and three (bottom) unstable modes are present.

spectrum [25]. Fig. 7 shows the spectrum at a sampling of time slices in the chaotic regime where the topological
changes are clearly visible. Recalling the construction of a finite phase solution (7) from it’s spectral data, where
the Riemann surface as well as the phases depend intimately on the discrete eigenvalues λj , we find that due to the
homoclinic transitions the phases are evolving chaotically [26].

What effect does the chaotic phase evolution have on the generation of rogue waves? Since the HONLS dynamics
is chaotic in the presence of N � 2 UMs, we examine the MD dynamics in the two and three UM regime. We begin by
considering the restriction to spatially symmetric wave trains u(−x, t) = u(x, t), resulting in the “even” MD equation

iut + uxx + 2|u|2u = εuxxxx . (14)

Initial data for solutions with two UMs are obtained by linearizing (12) about t = 0,

u(x,0) = a
[
1 + 4i

(
ε1 sinφ1 eiφ1 cosp1x + ε3 sinφ3 eiφ3 cosp3x

)]
where the parameter values are given as in (12). Fig. 5(a) illustrates a striking rogue wave solution of Eq. (14) for
ε1 = 10−4 and ε3 = 10−5. The solution quickly (t ≈ 31) develops irregularities and becomes chaotic. At t ≈ 471.2
a rogue wave rises up from the plane wave state and develops a crest with an amplitude of approximately four times
the background wave height. This MD rogue wave structure is close to the maximum amplitude rogue wave of the NLS
obtained when γ = 0.2 (compare Fig. 5(a) with Fig. 3(b)). Numerical experiments in the three UM regime also show
that after the solution becomes chaotic rogue waves develop (see Fig. 5(b)). At t ≈ 208 a rogue wave develops with
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Fig. 6. Rogue wave solutions for the full MD equation when two (top) and three (bottom) unstable modes are present.

a wave amplitude amplification factor of almost five. Similarly, this solution is close to the optimal phase modulated
homoclinic solution in the three UM regime.

In experiments using the full MD equation (13) we obtain amplitude amplification factors slightly smaller than in
comparable experiments (with the same initial data, parameter values etc.) using the even MD equation. The higher
order terms in (13) break the spatial symmetry and prevent a complete spatial coalescence of the nonlinear modes. In
Figs. 6(a)–(b) the rogue wave solutions of the full MD (in the two and three UM regime) clearly lose spatial symmetry.

We performed extensive numerical experiments using the MD model in the two and three UM regimes, varying
both the perturbation strength ε and the values of the parameters in the initial data. The coalesced homoclinic orbit
emerges generically for these cases and appears to be a structurally stable feature of the perturbed dynamics. We find
that the chaotic regime allows further focusing to occur due to chaotically generated optimal phase modulations. The
diagnostics in Section 6, which give the wave strengths obtained in the NLS and MD experiments as a function of the
spectral “splitting” distance, substantiate that enhanced focusing occurs for the MD equation. It is readily observed
in Fig. 10 that larger amplitude waves (and more of them) are obtained for the MD equation. This suggests that the
underlying chaotic dynamics in the MD equation increases the likelihood of rogue waves as compared to predictions
by the NLS equation.

The Melnikov analysis in the next section provides necessary conditions for the persistence of a homoclinic solution
in the MD system which is O(ε)-close to the NLS coalesced homoclinic solution. These results indicate that the
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(a) (b) (c)

(d) (e) (f)

Fig. 7. Spectral plots corresponding to times of (a) 0.0, (b) 0.5, (c) 1.0, (d) 2.0, (e) 2.1, (f) 2.6. Solid darkened curves are curves of spectrum. Curves
of real Δ (the dashed curves) have been included to give an indication of the topological changes in the spectrum.

presence of homoclinic orbits in the unperturbed model plays a significant role in both the perturbed chaotic evolution
and in the generation of rogue waves in the full MD equation.

5. Melnikov analysis

In this section we discuss our results on the persistence of isolated homoclinic orbits for the MD equation [12].
Melnikov type techniques are used to measure the breakup of homoclinic orbits of the unstable plane wave solution in
the MD equation. The Melnikov integrals, set up using phase space information provided by the Floquet discriminant,
measure the splitting distance between invariant manifolds. The zeros of the Melnikov integrals provide conditions for
transversal intersections of the invariant manifolds, indicating the persistence of homoclinic orbits and the presence
of homoclinic chaos. Originally developed for ODEs [27], in recent years Melnikov theory has been generalized to
near integrable nonlinear wave equations, usually for the case of even spatial symmetry [28,29,24,30,31]. A Melnikov
analysis of noneven chaotic dynamics was introduced for a symmetry-breaking damped-driven perturbation of the
NLS equation [32].

5.1. Phase space geometry

The even MD equation (14) can be interpreted as a Hamiltonian system on the Sobolev space He,p of even, periodic
functions, with Hamiltonian functional

Hε(u,u∗) =
L∫

0

(|ux |2 − |u|4 − ε|uxx |2
)

dx.

On the invariant plane Π = {u(x, t) | ∂xu(x, t) = 0}, the dynamics is simply described in terms of a two-parameter
family of plane wave solutions ua(t;a,ϕ) = a ei(2a2t+ϕ). The stability type of these solutions is determined by solving
Eq. (14) linearized about ua , using a complex Fourier series expansion of the form

∑∞
j=1 aj eσj t cos jx.

In the two UM mode regime, for ε = 0 and a0 < a < a1, one obtains growth rates

σj = ±j

√
a2 − (πj/L)2, j = 1,2,

corresponding to the two-dimensional stable and unstable eigenspaces of the invariant set Sa = {ua | a0 < a < a1},
as well as an infinite number of center modes characterized by complex conjugate pairs of eigenvalues λj =
±2i

√
(πj/L)2 − a2, j � 3.
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As described in Section 3, the invariant set Sa possesses global two-dimensional stable and unstable manifolds,
explicitly parametrized in terms of formula (12) for the two-dimensional family of homoclinic solutions (in expres-
sion (12), parameter a and the initial phase of the plane wave solutions are coordinates on Sa , while γ1 and γ3

parametrize the individual homoclinic orbits). When ε �= 0, the perturbed dynamics takes place in the codimension
two invariant subspace F = {u ∈ He,p | Hε(u,u∗) = CH , I (u,u∗) = CI }, where I = ∫ L

0 |u|2 dx is the L2-norm of u,
which is preserved by the perturbation. For Eq. (14), two main questions need to be addressed. Persistence of invariant
manifolds (the singular perturbation makes the proof delicate, though techniques developed by C. Zeng [33] should
guarantee at least that much); and persistence of homoclinic structures, such as homoclinic tubes, which explain the
features of the irregular dynamics observed numerically.

Persistence of local invariant manifolds is both expected and supported by the numerical evidence; heuristically,
we assume this to determine the number of measurements needed to establish transversal intersections of the invariant
manifolds. In the two UM regime, the codimension two locally invariant center-stable and center-unstable manifolds
Wcs,cu

ε (Sa) will intersect transversally along a codimension four locally invariant submanifold Wcs
ε ∩ Wcu

ε . Since
splitting does not occur in the directions normal to the invariant subspace F , it is sufficient to measure the splitting
distance between the persistent invariant manifolds along a two-dimensional vector transversal to Wcs

0 ∩ Wcu
0 . In

order to define suitable measurements, some results about the integrable structure of the unperturbed NLS equation
are needed.

5.2. Fundamental invariants

The Floquet discriminant functional is invariant under the NLS evolution, and thus encodes the infinite family of
constants of motion (in fact, parametrized by λ ∈ C). We briefly describe the results of Y. Li and D.W. McLaugh-
lin [34], which show how the critical structure of the Floquet discriminant (as a functional on He,p) is in one-to-one
correspondence with critical level sets of solutions of the unperturbed PDE.

Given a solution uc with a purely imaginary critical point λc, regarding λc as a functional on a neighborhood U
of uc , one has

∂

∂λ
Δ(λ;u)

∣∣∣∣
λc(u)

= 0; λc(uc) = λc.

The following invariant functional F :U → R, F := Δ(λc(u);u) is locally smooth, provided d2

dλ2 Δ(λ,u) �= 0, ∀u ∈ U .
Then, the sequence Fj (u) = Δ(λc

j (u),u), generated as λc
j varies among the critical points of the potential u, defines

a natural sequence of constants of motion in the following sense. First, it provides a Morse-function type approach
to the description of the topology of level sets of solutions of the integrable PDE (i.e., the stratification is described
by identifying the critical level sets, labeled by the double points of the associated Floquet spectrum). Second, the
sequence {Fj }∞j=1 provides a local description of the strata which are close to critical level sets of saddle type (this is
important when considering the effects of perturbations).

The local analysis is encoded in the first and second variation of the F ′
j s. The gradient of Fj has the following

explicit representation [34]; if �ψ±(x,λ) are the Bloch eigenfunctions (common eigenfunctions of the Lax operator
L(x) at (u,λ) and the shift operator (Sψ)(x) = ψ(x + L)), then

δFj

δ�u (u) = i

√
Δ2 − 4

W [ψ+,ψ−]
[

ψ+
2 ψ−

2

−ψ+
1 ψ−

1

] ∣∣∣∣
λ=λc

. (15)

We observe that δFj/δ�u(uc) = 0, that is the functional is critical at the critical level set. On the other hand, if uH is
the homoclinic orbit in the isospectral level set of uc , then

δFj

δ�u
(
uH

) = i

√
Δ2 − 4

W [Ψ +,Ψ −]
[

Ψ +
2 Ψ −

2

−Ψ +
1 Ψ −

1

] ∣∣∣∣
λ=λd

(16)

does not vanish. Therefore δFj/δ�u(uH ), j = 1, . . . ,M (M being the number of complex double points) define direc-
tions transversal to the homoclinic manifold and can be used to construct Melnikov-type measurements.
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5.3. The Melnikov integrals

In this section we generalize the formulas for the Melnikov integrals obtained in [34] to the case of 2 complex
double points (ν1, ν2) and compute them for the conservative perturbation (14).

Denoting with f (�u) = (uxxxx, u
∗
xxxx)

T the vector of the perturbation, the components of the distance vector be-
tween the persistent invariant manifolds W cs

ε (Sa) and W cu
ε (Sa) along the directions ∇Fj , j = 1,2, are given by

dj = εMj +O
(
ε2), Mj =

+∞∫
−∞

〈∇Fj ,f 〉|u=UH
dt,

where 〈, 〉 is the standard complex inner product. The integrand is evaluated along the homoclinic orbit of the plane
wave solution UH (x, t), and ∇Fj is given by

∇Fj = −i

√
Δ2 − 4

W [ �Ψ (+), �Ψ (−)]
(

Ψ
(+)
2 Ψ

(−)
2

Ψ
(+)
1 Ψ

(−)
1

)∣∣∣∣
λ=νj

, (17)

with �Ψ (+), �Ψ (−) Bloch eigenfunctions at the new potential UH evaluated at λ = νj . The new Bloch basis can be
obtained by means of a Bäcklund transformation; one also obtains the compact representation for the Wronskian
W [ �Ψ (+), �Ψ (−)] = (λ − ν)(λ − ν∗)W [ �ψ(+), �ψ(−)], which allows one to effortlessly evaluate the limit λ → ν in
Eq. (17).

In order to construct the Melnikov integrals, we first consider the limit λ → ν2 and obtain

∇F2 = C2
W [ψ(+),ψ(−)](ν2)

(|ξ1|2 + |ξ2|2)2

(
(ξ∗

1 )2

(ξ∗
2 )2

)
, (18)

with

C2 = id+d−(ν2 − ν∗
2 )(ν2 − ν1)(ν2 − ν∗

1 )
√

Δ(ν2)Δ′′(ν2),

and with ξ(ν2) = G(ν2, ν1;φ(ν1))χ(ν2). Here G(ν2, ν1;φ(ν1)) is the gauge matrix which carries eigenfunctions φ(λ)

of the plane wave solution to eigenfunctions ξ(λ) of u1, the potential obtained after one iteration of the Bäcklund
formula, and χ(ν2) = d+ψ(+)(ν2) + d−ψ(−)(ν2). This leads to the following Melnikov integral

M2(γ ) = C2

+∞∫
−∞

1∫
0

W
[
ψ(+),ψ(−)

] (ξ∗
1 )2(UH )xxxx − (ξ∗

2 )2(U∗
H )xxxx

(|ξ1|2 + |ξ2|2)2
dx dt. (19)

Similarly, computing the limit λ → ν1 leads to the following expression for ∇F1:

∇F1 = C1
W [ψ(+),ψ(−)](ν1)

(|ζ1|2 + |ζ2|2)2

(
(ζ ∗

1 )2

(ζ ∗
2 )2

)
, (20)

with C1 = ic+c−(ν1 − ν∗
1 )(ν1 − ν2)(ν1 − ν∗

2 )
√

Δ(ν1)Δ′′(ν1), and with ζ(ν1) = G(ν1, ν2;χ(ν2)). The corresponding
Melnikov integral is

M1(γ ) = C1

+∞∫
−∞

1∫
0

W
[
ψ(+),ψ(−)

] (ζ ∗
1 )2(UH )xxxx − (ζ ∗

1 )2(U∗
H )xxxx

(|ζ1|2 + |ζ2|2)2
dx dt. (21)

The numerical evaluation of the two Melnikov integrals, using expression (12) for the homoclinic orbit of the
unstable plane wave solution, indicate that M1 and M2 are mutually proportional functions of the parameter γ [24].
The presence of a unique nondegenerate zero of M1 ∼ M2 suggests (together with numerical evidence of irregular
behavior) a single measurement is sufficient for establishing persistence of invariant hyperbolic sets.

The value γ = γ0, at which a nondegenerate zero of M1 occurs is O(ε)-close to the value of γ for which the
homoclinic solution (12) achieves maximum amplitude. Fig. 3(b) shows an amplitude plot of the homoclinic orbit with
γ = γ0. Remarkably, this solution can be identified with the rogue wave observed intermittently (see e.g. Fig. 5(a))
throughout the numerical simulations. While a Melnikov analysis usually only indicates persistence of hyperbolic
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structures (which are the source of irregular dynamics), for the even MD equation it also supports the thesis that
chaotic dynamics leads to optimal phase modulation and increases the likelihood of rogue wave events.

We finally remark that, due to the imposed spatial symmetry, the imaginary parts of the gradients ∇Fj vanish
identically, while for the full MD equation the presence of symmetry breaking terms in the perturbation makes the
Melnikov integrals complex quantities. Recently, we studied a simple symmetry breaking perturbation of the NLS
equation, for which the existence of nondegenerate zeros of the real part of the Melnikov integral provides the condi-
tion for the onset of chaotic dynamics, while the existence of nondegenerate zeros of the imaginary part provides the
condition for spatially asymmetric chaotic wave forms [32]. The question we are currently addressing is whether the
presence of symmetry breaking terms (e.g. the odd terms in the MD equation) significantly changes the conditions for
the onset of homoclinic chaos and the likelihood of rogue wave formation.

6. Random oceanic sea states

6.1. JONSWAP initial data

In this section we examine the generation of extreme waves for typical random oceanic sea states characterized by
the Joint North Sea Wave Project (JONSWAP) power spectrum. The surface elevation η is related to u, the solution
of the NLS equation, by η = Re{iu ei(k0x−w0t)}/√2k0. Using the Hilbert transform of η and its associated analytical
signal, the initial condition for u can be modeled as the random wave process

u(x,0) =
N∑

n=1

Cn exp
[
i(kn−1x − φn)

]
, (22)

where Cn is the amplitude of the nth component with wave number kn = (n − 1)k, k = 2π/L, and random phase φn,
uniformly distributed on the interval (0,2π). The spectral amplitudes, Cn = −i

√
2Sn/L, are obtained from the JON-

SWAP spectrum [14]

S(f ) = α

f 5
exp

[
−5

4

(
f0

f

)4]
γ r, r = exp

[
−1

2

(
f − f0

σ0f0

)2]
. (23)

Here f0 is the dominant frequency, determined by the wind speed at a specified height above the sea surface, σ0 =
0.07 (0.9) for f � f0 (f > f0) and fn = n/L is the wave frequency. The parameter γ is the peak-shape parameter;
as γ is increased, the spectrum becomes narrower about the dominant peak. For γ > 1 the wave spectra continues
to evolve through nonlinear wave-wave interactions even for very long times and distances. It is in this sense that
JONSWAP spectra describe developing sea states rather than a fully developed sea.

The scale parameter α is related to the amplitude and energy content of the wavefield. Based on an “Ursell number”,
the ratio of the nonlinear and dispersive terms of the NLS equation (1) in dimensional form, the NLS equation is
considered to be applicable for 2 < γ < 8 [35]. Typical values of alpha are 0.008 < α < 0.02. In an earlier study of
rogue waves in random oceanic sea states it was found that they occur more often for large values of the Phillips
parameter α and the enhancement coefficient γ [35]. Even so, it was observed that large values of α and γ do not
guarantee the development of extreme waves.

We analyse a nonlinear spectral decomposition of the JONSWAP initial data which takes into account, in addition
to α and γ , the phase information φn. This decomposition is based upon the inverse spectral theory of the NLS
equation, a procedure for solving the initial value problem analogous to Fourier methods for linear problems. We find
a correlation between the occurrence of rogue waves in both the NLS and MD equations and the proximity in spectral
space to homoclinic data of the NLS equation [15].

6.2. JONSWAP data and the proximity to homoclinic solutions of the NLS

The NLS and MD equations are numerically integrated using a pseudo-spectral scheme with 256 Fourier modes
in space and a fourth order Runge–Kutta discretization in time (�t = 10−3). The nonlinear mode content of the
data is numerically computed using the direct spectral transform described above, i.e. the system of ODEs (4) is
numerically solved to obtain the discriminant Δ. The zeros of Δ ± 2 are then determined with a root solver based on
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(a) (b)

Fig. 8. (a) Nonlinear spectrum and (b) evolution of Umax for JONSWAP data (γ = 4 and α = 0.016) that is near homoclinic data. Dashed curve
corresponds to 2.2Hs .

(a) (b)

Fig. 9. (a) Nonlinear spectrum and (b) evolution of Umax for JONSWAP data (γ = 4 and α = 0.016) that is far from homoclinic data. Dashed curve
corresponds to 2.2Hs .

Muller’s method [17]. The spectrum is computed with an accuracy of O(10−6), whereas the spectral quantities we are
interested in range from O(10−2) to O(10−1).

Complex double points typically split under perturbation into two simple points, λ±, thus opening a gap in the band
of spectrum (see Fig. 8(a)). We refer to the distance between these two simple points, δ(λ+, λ−) = |λ+ − λ−|, as the
splitting distance. Conversely, homoclinic solutions arise as an appropriate degeneration of a finite gap solution [36],
i.e. for δ(λ+, λ−) → 0 and the resulting double point is complex. In this way we use δ to measure the proximity in the
spectral plane to homoclinic data, i.e. to complex double points and their corresponding instabilities. Since the NLS
spectrum is symmetric with respect to the real axis and real double points correspond to inactive modes, in subsequent
plots only the spectrum in the upper half complex λ-plane will be displayed.

We begin by determining the spectrum of JONSWAP initial data given by (22) for various combinations of
α = 0.008,0.012,0.016,0.02, and γ = 1,2,4,6,8. For each such pair (γ,α), we performed fifty simulations, each
with a different set of randomly generated phases. As expected, the spectral configuration depends on the energy α

and the enhancement coefficient γ . However, the extent of the dependence of features of the spectrum, such as the
proximity to complex double points, upon the phases in the initial data was surprising.

Typical examples of the results are given in Figs. 8(a) and 9(a) which show the numerically computed nonlinear
spectrum of JONSWAP initial data when γ = 4 and α = 0.016 for two different realizations of the random phases.
We find that JONSWAP data correspond to “semi-stable” N -phase solutions, i.e. we interpret the data as perturbations
of N -phase solutions with one or more unstable modes (compare Fig. 8(a) with the spectrum of an unstable N -phase
solution in Fig. 1). In Fig. 8(a) the splitting distance δ(λ+, λ−) ≈ 0.07, while in Fig. 9(a) δ(λ+, λ−) ≈ 0.2. Thus the
JONSWAP data can be quite “near” homoclinic data as in Fig. 8(a) or “far” from homoclinic data as in Fig. 9(a),
depending on the values of the phases φn in the initial data. For all the examined values of α and γ we find that, when
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Fig. 10. Strength of Umax/Hs vs. the splitting distance δ(λ+, λ−).

α and γ are fixed, as the phases in the JONSWAP data vary, the spectral distance δ of typical JONSWAP data from
homoclinic data varies.

Most importantly, irrespective of the values of the JONSWAP parameters α and γ , in simulations of the NLS
equation (1) we find that extreme waves develop for JONSWAP initial data that is “near” NLS homoclinic data,
whereas the JONSWAP data that is “far” from NLS homoclinic data typically does not generate extreme waves.
Figs. 8(b) and 9(b) show the corresponding evolution of the maximum surface elevation, Umax, obtained with the NLS
equation. Umax is given by the solid curve and as a reference, 2.2HS (the threshold for a rogue wave) is given by the
dashed curve. HS is the significant wave height and is calculated as four times the standard deviation of the wave
amplitude. Fig. 8(b) shows that when the nonlinear spectrum is near homoclinic data, Umax exceeds 2.2HS (a rogue
wave develops at t ≈ 40). Fig. 9(b) shows that when the nonlinear spectrum is far from homoclinic data, Umax is
significantly below 2.2HS and a rogue wave does not develop. As a result we can correlate the occurrence of rogue
waves characterized by JONSWAP spectrum with the proximity to homoclinic solutions of the NLS equation.

The results of hundreds of simulations of the NLS and MD equations consistently show that proximity to homo-
clinic data is a crucial indicator of rogue wave events. Fig. 10 provides a synthesis of 200 random simulations of the
NLS equation and of the MD equation for two perturbation strengths (ε = 0.005 and ε = 0.01) for JONSWAP initial
data with different (γ,α) pairs (with γ = 2,4,6,8, and α = 0.012,0.016). For each such pair (γ,α), we performed
25 simulations, each with a different set of randomly generated phases. We restrict our consideration to semi-stable
N -phase solutions near to unstable solutions of the NLS with one UM. Each circle represents the strength of the max-
imum wave (Umax/HS ) attained during one simulation as a function of the splitting distance δ(λ+, λ−). The results
for the particular pair (γ = 4, α = 0.012) is represented with an asterisk. A horizontal line at Umax/HS = 2.2 indicates
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the reference strength for rogue wave formation. We identify two critical values δ1(ε) and δ2(ε) that clearly show that
(a) if δ < δ1 (near homoclinic data) rogue waves will occur; (b) if δ1 < δ < δ2, the likelihood of obtaining rogue waves
decreases as δ increases and, (c) if δ > δ2 the likelihood of a rogue wave occurring is extremely small.

This behavior is robust. As α and γ are varied, the strength of the maximum wave and the occurrence of rogue
waves are well predicted by the proximity to homoclinic solutions. The individual plots of the strength vs. δ for
particular pairs (γ,α) are qualitatively the same regardless of the pair chosen. As noted in Section 4 on the MD
equation, enhanced focusing occurs in the chaotic regime. Fig. 10 shows that as ε increases the average strength and
the likelihood of rogue waves increases. These results give strong evidence of the relevance of homoclinic solutions
of the NLS equation in investigating rogue wave phenomena for more realistic oceanic conditions and identifies the
nonlinear spectral decomposition as a simple diagnostic tool for predicting the occurrence and strength of rogue
waves. Finally we remark that the nonlinear spectral analysis can be implemented for other types of general data in
order to predict the occurrence of rogue waves.

7. Conclusions

In this paper we have investigated the modulational instability as a mechanism for the generation of rogue waves
using simple model equations such as the NLS and MD equations. Using the integrable theory of the NLS, we obtained
formulas for optimally phase modulated homoclinic orbits where the UMs are simultaneously excited leading to a
significant amplification beyond the usual BF modulation instability.

The numerical results indicate that rogue waves are robust to the MD perturbation of the evolution equation. In
fact, enhanced wave amplification is shown to occur in the chaotic regime. Significantly, we find that the wavefield is
chaotic before the coalesced rogue waves appear, i.e. the chaos provides a mechanism for further focusing to occur
due to chaotically generated optimal phase modulations.

The Melnikov analysis provides necessary conditions for the persistence of a homoclinic solution in the MD system
which is O(ε)-close to the phase modulated or coalesced NLS homoclinic solution. The Melnikov analysis determines
the distinguishing spatial features of the perturbed dynamics which agree with the numerical observations of high
amplitude rogue waves in the MD chaotic regime. The correlation of the results of the Melnikov analysis to the MD
numerical experiments indicates that in this more general setting homoclinic solutions of the NLS equation can be
used to approximate rogue waves.

The machinery of inverse spectral theory for the NLS equation associates to each solution the spectrum of a certain
linear operator. Introducing the “splitting distance” between simple points in the discrete spectrum of the AKNS
system, we use it to determine the proximity in spectral space to instabilities of solutions of the NLS equation and their
homoclinic orbits. The results of several hundred simulations of the NLS and MD equations, where the parameters
and phases in the JONSWAP initial data are varied, indicate that rogue waves develop whenever the splitting distance
is small, and do not occur when the splitting distance is large. In this way we correlate the development of rogue
waves in oceanic sea states characterized by the JONSWAP spectrum with the proximity to homoclinic solutions of
the NLS equation.
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Appendix A. Statistical diagnostics

In the numerical experiments we monitor the evolution of the third and fourth statistical moments of the (probability
density function of the wave amplitude) wavefield

M3(a) =
N∑ (aj − ā)3

N
, M4(a) =

N∑ (aj − ā)4

N
,

j=1 j=1
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where ā is the mean height of the wavefield, and N is the number of data points sampled. The skewness, m3, and the
kurtosis, m4, of the wavefield are then given by

m3(a) = M3

σ 3
, m4(a) = M4

σ 4
,

where σ is the standard deviation.
Skewness is a measure of the vertical asymmetry of the wavefield. Positive values indicate the wavefield is skewed

above average height, i.e. the crests are bigger than the troughs. Negative values indicate that the wavefield is skewed
below average height.

The kurtosis is a measure of whether the distribution for the wavefield is peaked or flat, relative to a Gaussian
distribution and defines the contribution of large waves to the wavefield. Wavefields with high kurtosis tend to have
a distinct peak near the mean, decline rapidly, and have heavy tails. That is the larger the value of the kurtosis, the
large/wider the tails of the pdf. The kurtosis for a Gaussian distribution is three. For this reason, excess kurtosis much
above three indicates that the contribution of large waves is significant and corresponds to a higher probability of
a rogue wave event.
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